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Vh , Abstract. We define and study tame symbols for two-dimensional local fields, 

^ ■ which are closely related to Kato's residue homomorphisms in Milnor /C-theory 

and also explicitly related to Contou-Carrere symbols. As applications we 
establish several reciprocity laws for tame symbols on arithmetic surfaces. 
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1. Introduction 



For a projective algebraic curve C over a perfect field fc, the famous Weil reci- 
procity law states that for f,g ^ k{C)^ , {f,g}p = 1 for almost all closed point 
p G C, and 

n ^Hp)/k{f^9}p = 1, 

pGC 

where k{p) is the residue field of p, Ni./p\/^. stands for the norm map, and {f,g}p 
is the one-dimensional tame symbol defined by 

<N; {/,g}^^(_i)^.(/K(.)£__(p). 

The Weil reciprocity law, as well as the analogous reciprocity law for residues 
of differential forms, can be proved by reduction to P^ (see e.g. [20]), in which 

^J^ ■ case everything can be calculated explicitly. On the other hand, in [21] Tate gave 

~; I an intrinsic proof of the residue formula for differential forms by defining the local 

residues in terms of traces of certain linear operators on infinite dimensional vector 
spaces. This approach and its multiplicative analog were further developed by 
many authors (see e.g. [1] [2] [16] [19]) with apphcations to reciprocity laws on 

S^ I algebraic curves and surfaces. In particular, Osipov and Zhu [16] gave a categorical 

JH ' proof of the Parshin reciprocity laws for two-dimensional tame symbols on algebraic 

- . .' surfaces, where the notion of non-strictly commutative Picard groupoid (cf. 5 ) was 

adopted. 

Instead of algebraic surfaces, in this paper we will study the tame symbols and 
reciprocity laws on an arithmetic surface X ^ S, where S is the spectrum of a 
characteristic zero Dedekind domain Ok with finite residue fields. For example 
we may take Ok to be the ring of integers of a number field K. For any closed 
point X oi X lying over a closed point s of 5, and an irreducible curve y C X 
passing through x, we will obtain a two-dimensional local field K^^y and a local 
tame symbol {, }x,y, which is a Steinberg symbol 

{, }x,y '■ K^ X K^ — > Kg . 
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Then our main results contain the foUowing three reciprocity laws: 

(i) Reciprocity around a fixed point x (Theorem 14. 3|) : let f,g E K(X)^, then 

{f,g}x,y = 1 for almost all curves y passing through x, and Y[yBx{f^s}^y ~ ^'^ 

(ii) Reciprocity along a vertical curve y (Theorem 15. ip : let f,g E K{X)y, then 

Uxeyif^9}x,y converges to 1 in K^; 

(iii) Reciprocity along a horizontal curve y (Theorem 15. 7p : assume _ftr is a number 

field, compacify X and S by including archimedean places, and use an idele class 

character x to induce local symbols Xx,y '■ ^x,y ^ ^x.y ~^ ^^- Let f,g& K{X)y, 

then Xx,y{f,g) = 1 for almost all x Gy, and U.xeyXx,y{f,g) = 1- 

These results are inspired by Morrow's work [Tl] [H] on dualising sheaves and 
residues of differential forms on arithmetic surfaces, as well as Osipov and Zhu's 
work |16j on Parshin reciprocity laws on algebraic surfaces. Our basic settings and 
strategy of proofs follow Morrow's papers, and the new ingredients will be discussed 
in the paragraphs below. We remark that it will be interesting to investigate the 
relations between residues and the multiplicative analog via certain exponential ho- 
momorphisms, see e.g. [S] [TU]. Also for future works, it is natural and important to 
consider applications to higher adelic method, e.g. generalizing the adclic approach 
to intersection theory, chern classes and L-functions in [17 from algebraic surfaces 
to arithmetic surfaces. 

To construct local tame symbols, given a two-dimensional local field F and an 
embedding of a local field k into F, we will define a Steinberg symbol 

{,}F^k--F-xF-^k\ 

In contrast to the categorical approach as developed in [16] for algebraic surfaces, 
our definition of tame symbols makes use of explicit structures of two-dimensional 
local fields, in particular that of the so-called standard fields of mixed characteristic. 
In that case, we will write down the explicit formula (see section [5^ of the symbol, 
which turns out to be equivalent to Kato's residue homomorphisms [S] in terms of 
Milnor i^-theory. The reciprocity law is then obtained by direct calculations, and 
definition of the symbol extends to non-standard fields once we apply the norm 
map in if -theory and establish the functorial properties. The passage from standard 
fields to non-standard ones can be viewed as generalizations of the classical methods 
of "reduction to P^", which we mentioned at the beginning. 

An important feature of our tame symbol for standard fields is that, after modulo 
a power of the maximal ideal it coincides with the famous Contou-Carrere symbol 
(see section [3?3| . Thus we may derive the rigidity of the tame symbol from the fact 
that Contou-Carrre symbols are invariant under reparametrizations. On the other 
hand, this connection suggests that it is also possible to give a treatment of Tate's 
style (cf. [2]) and we hope to address this question somewhere else. 

The paper is organized as follows. In section [2] as preliminaries we briefiy review 
Kato's theory of residue homomorphisms, and prove a local-global norm formula 
for K-gTOups of a finite extension of Dedckind domains. In section [3] we define the 
tame symbols for two-dimensional local fields, establish the rigidities and functo- 
rialities, and discuss the relations with Kato's theory as well as Contou-Carrere 
symbols. In section |4] we apply previous results to prove a reciprocity for certain 
two-dimensional normal local rings, and then geometrize to prove the reciprocity 
around a closed point on an arithmetic surface. In section [5] we prove the re- 
ciprocities along irreducible vertical and horizontal curves, using certain density 
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arguments. The original Weil reciprocity also plays an important role in the course 
of the proof. 

In the paper, if A is a ring, we write p O^ A to indicate that p is a height 1 prime 
ideal of A. 



2. MILNOR'S iC-THEORY AND KATO'S RESIDUE HOMOMORPHISMS 

In this section we briefly review Kato's definition of residue homomorphisms 
for two-dimensional local fields of mixed characteristic. Although for our purpose 
we are only concerned with K2, let us recall the general construction from 9 for 
completeness. 

For a field k, let X„(fc) {n > 0) be the nth Milnor's X-group of k (cf. [I2 ] p ] ). 
i.e. Kn{k) = (fc^)®"/J, where J = (oi (g) 02 (8) • • • ®amai + aj = 1 for some i ^ j). 
For a discrete valuation field fc, let Vk be the normalized additive discrete valuation 
of k. Let 

Ok = {x e k : Vk{x) > 0}, nxfc = {a; e fc : Vk{x) > 1}, 
Ul ^ {x e k : Vk{x - 1) > i}, i> 1. 

The residue class field of k is denoted by k, and for x ^ Ok let x be the residue 
class of X in k. For i > 1 let ®„>oC^*^n(fc) be the graded ideal of ®„>o'^n(^) 
generated by elements oi Ul C k^ = Ki{k). Let 

K,,{k)^\2mK,,{k)/WKnik). 



If /c is the completion of fc, then there are canonical isomorphisms Kn(k)/U"^Kn{k) ^ 
Kn{k)/WK„ik), z > 1 and X„(fc) = K„Ck)- 

Let us recall the boundary homomorphism d and the norm homomorphism of 
Milnor's ii'-group [3]. For a discrete valuation field k, there exists the higher tame 
symbol, which is a unique homomorphism 

d : K„+i{k) -^ K„ik) {n > 0) 

such that 

d{xi,--- ,x„,y} = Vkiy) ■ {Si,--- ,Xn} 

for any xi, ■ - - ,x„ G O^ and y E k^ . For a given parameter tt, there is also a 
specilization m,ap 

K ■■ Kn{k) ^ Kn{k) 

defined by 

A^{ui7r*\...,u„7r*"} = {ui,...,u„} 

where mi, . . . , u„ G O^ . 

For any finite field extension E/ F, there exists a canonical norm homomorphism, 
or transfer map, N^ip : Kn{E) -^ Kn{F), which satisfies the projection formula, 
functoriality, and reciprocity (cf. ^). Let fc' be a finite extension of a discrete 
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valuation field k. If the integral closure of Ok in k' is a finitely generated Ok- 
module (e.g. if k is complete), then the following diagram is commutative 

(2.1) Kr,+i{k')^^^K^{K{v)) 



N. 



(N^ 



(^)lk) 



Kr,+ l{k) ^ ^K,,{k) 

where v runs over all normalized discrete valuations of k' such that {x £ k : v{x) > 
0} = Ok, and k{v) is the residue field of v. 

Now let us give Kato's definition of the residue homomorphism. Let fc be a 
complete discrete valuation field, and let M be the fractional field of (^^[[r]]. Let 
fc{{T}} be the completion of M with respect to the discrete valuation of M defined 
by the height 1 prime ideal mfcOfc[[T]] of ©^[[r]]. In concrete terms, k{{T}} is the 
field of all formal Laurent series ^ atT^ over k such that Vkio-i) is bounded below 

and lim ai = 0. The valuation Vk\\T\} is given by inf Vkio-i) and the residue field 

Of k{{T}} is k{{T)). 

Let 6 = {p : p <^ Ofc[[T]],p ^^ mfcC'fc[[T]]}. By Weierstrass's preparation theo- 
rem, each element of 6 is generated by an irreducible, distinguished polynomial (i.e. 
of the form T' + aiT'-~^ + • • ■ + a/ with a^ e tUfe). Let resM ■ -K'„+i(M) — s- Kn{k) 
be the composition map 

(2.2) if„+i(Af) ^'-^ K^{n{p)) ^""^-^^'^ X„(fc). 

pee 

Kato [9, proved the following 

Theorem 2.1. The homomorphism resM '■ Kn+i{M) — >■ Kn{k) satisfies 

resMiU'Kn+iiM)) C WK^ik) for any i > 1, 

and hence induces a homomorphism 

reSkUT}} ■■ Kn+i{k{{T}}) = Kn+i{M) -^ k„{k). 

For later use we now state and prove a local-global norm formula for ii'-groups, 
which is certainly known, e.g. for Ki. We would like to write down the details here, 
since we cannot find them in the literature. For any field extension E/F let Je/f 
stand for the natural map Kn{F) — > Kn{E). We have the functoriality Je/e = Id 
and Je/f ° Jf/k = Je/k- If E/F has degree d, then the composition 

KniF) ^^^ K^iE) ^^ K„{F) 

is multiplication by d. Note that in general Je/f is not injective, but its kernel is 
torsion provided that E is algebraic over F. 

Proposition 2.2. Let B / A be a finite extension of Dedekind domains, and E/F 
he the corresponding extension of fractional fields, which is assumed to he separable. 
Then for any discrete valuation y of A, and any n > 0, we have 

JFy/F o Ne/F == n ^EY/Fy o JEy/E ■ Kn{E) -^ Kn{Fy), 

Y\y 

where Y runs over all discrete valuations of B which extend y, i.e. y\Y. 
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Proof. Let E = F{a) be generated by some a ^ E over F. Then E = F[t]/{f), 
where / is the minimal polynomial of a. Let f{t) = Yli fi be the faetorization of / 
into irreducible polynomials in Fy[t], then E ®p Fy = Yli Fy[t]/{fi) by the Chinese 
remainder theorem. We also have E (^p Fy = Yly ^y, and thus the i^j,[i]/(/i)'s are 
exactly all the _Ey's. 

Let us recall the norm homomorphism for if-groups. Let F{t) be the function 
field. Any discrete valuation of F{t) which is trivial on F is induced by a prime 
p of F[t], except Woo which is defined by Voo{t^^) — 1- Then there is a split exact 
sequece (Milnor) 

^ Kn+iiF) ^ Kn+i{F{t)) ^^Ijp Kn{F[t]/p) ^ 

split by the specialization map A^-i associated to Voo and the parameter t~^. Since 
doo is trivial on F, there are unique homomorphisms Np : Kn{F[t]/p) — > Kn{F) 
such that 9oo = — X^n ^p^p- Then Np/p is just Np with p — (/). The definition 
of Np/p is independent of the choice of a. 

To get the proof, consider the following commutative diagram 



a, 



K^^^[F{t)) —^^^ K^{F[t]/{f)) 

ffid " 

K,,+ ,iFy{t)) ^'^K„iFy[t]/{,h)). 



Note that similar diagram also holds for any other irreducible polynomial /' G 
F[t]. To conclude, we have to apply two facts: (i) c^oo commutes with j's, i.e. is 
"compatible" with base field extension; (ii) The surjectivity of 

More precisely, for any x G Kn(E), we may choose x G Kn+i{F{t)) s.t. d(^fjX ~ x 
while dpx = for p =^ (/). Then 

JE/F O Np/pX = ~jp/p O 9ooi = -dooiJyX) = ^ Np^\p^ O jpJpX. 

y\y 

O 

Finally let us recall a very useful theorem of Kato ([5] Proposition 2), which 
states that if k' /k is a finite extension of complete discrete valuation fields, then 
Nk'/kU^'^Knik') C WKnik) for all i > 1, where e = e{k'/k) is the ramification 
index. 

3. Tame symbols on two-dimensional local fields 

3.1. Two-dimensional local fields and classical tame symbols. 

A two-dimensional local field is a complete discrete valuation field F whose 
residue field _F is a local field. We are only interested in the case that F is of 
characteristic zero and F is non-archimedean. Then we say that F has equal or 
mixed characteristic according to F has characteristic zero or not. Assume that 
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an embedding of a local field k into F has been fixed. We want to define a tame 
symbol relative to k, which is a Steinberg symbol 

{,}F/k--F'< xF^ ^k\ 

And we shall denote by dp/k the induced homomorhism dp/k ■ K2{F) -^ Ki{k). 

In the equal characteristic case, let kp be the algebraic closure of k inside F, 
which is called the constant field of F. Then kp is a finite extension of k and 
there is a fci?-isomorphism F ^ kp{{t)) by choosing a uniformiser t Cz F. We define 
{j JF/fe to be the composition 

(3.1) F-xF-^^^^^k^^^k\ 
where {, }_p is the classical tame symbol 

(3.2) {/, 5}^ ^(_i)-H/)-. (.)£__ rnodmp. 

Note that in this case F = kp, and we shall denote by dp the boundary map 
d : K2{F) — > Ki{kp). The following functoriality is well-known. 

Proposition 3.1. Let F' be a finite extension of F. Then the following diagram 
commutes: 

K2(F') ^^ K,{kp,) 



K2{F)^^K,{kp). 

3.2. Tame symbols for standard fields. 

From now on assume that F has characteristic p. Let kp be the algebraic closure 
of Qp inside F, which is called the coefficient field of F. Then k C kp are finite 
extensions of Qp. Similarly as the equal characteristic case, let us define a tame 
symbol 

(3.3) {,}p:F^xF'<^k^ 

and compose the norm map N/^^/i^ to obtain {,}p/k- 

By structure theory of two-dimensional local fields of mixed characteristic, there 
is a two-dimensional local field L inside F such that F/L is finite, L = F, kL = kp 
and L is /cL-isomorphic to kL{{T}}. With the last property, L is called a standard 
two-dimensional local field of mixed characteristic. 

Let M be the field of fractions oi A ~ Ofe^[[T]]. By Weierstrass's preparation 
theorem, any f G M^ can be written as 

(3.4) f = f,.'lL.uf, 

Of 

where f^ £ k^, af,bf £ O^^ [T] are relatively prime distinguished polynomials, and 
uj £ 1 + rC'i;j^[[T]]. Define the winding number of / to be 

(3.5) w{f)^dcg{af)-dcg{bf). 

Fix an algebraic closure fc£' of kh- For any P{T) e kL\T] denote by V{P) the set of 
roots of P in fc£' counting multiplicities. We now define a map {,}m : ^^ x M^ — > 
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kL-- 



(3.6) {/,g}^,= (-l)-(/)-(9)^ 



"(/) 



n M^f) n M(3: 



9) 



M9) n «/(«9) n %(/?/)■ 

a,eV{a,) Pf&V{bf) 

Since roots of a distinguished polynomial lie in mf.ai , the right- hand- side of p.6p 
makes sense and belongs to k^ , which can be easily seen. 

Lemma 3.2. {, }m is a Steinberg symbol, i.e. is bi-multiplicative and satisfies the 
Steinberg property {f,l - fJM ^ ^ for f e M" , / ^ 1. 

Proof. {, }m is obviously bi-multiplicative. Let us prove the Steinberg property, 
which is in fact an elementary exercise. Write 3 = 1 — / and suppose that /, g 
decompose as above. Then it is easy to see that bj ^ bg. Since f + g ~ 1, for any 
af 6 V{af) one has g{af) — 1, which implies that 

-1^3(0:/) 

We also have a similar equation with / and g exchanged. For any /3 e V'(&/) — 
V{bg), again from / + 5 = 1 we may derive that 

foaf{p)uf(fi) = -goagil3)ug{l3), -f—- = - — -Ji—-. 

Ug(P) foaflP) 

Substituting these equations into (13. 6p . one can check that {f,g}M = 1- O 

Therefore {, }m descends to a homomorphism Om '■ K2{M) — > Ki{kL). We have 
the following 

Proposition 3.3. The homomorphism Om ■ K2{M) — > Ki{kL) satisfies 

dM{U'K2{M)) C U'Ki{kL) = Ul^ for any ^ > 1, 

hence induces a homomorphism 

dL : K2{L) ^ K2{M) ^ KiikL) = K^ikL), 

noting that kj^ is complete. 

Proof. Let 03 be the set of all normalized additive discrete valuations v of k]^{X) 
such that v{k^ ) = 0, i.e. corresponding to the set of closed points of P^ . Let © be 
the subset of *8 corresponding to irreducible distinguished polynomials in Ok^ \T] ■ 
Let A+ = Ok^ [[T]] ®o,^ kL, A- = {/ e kL{X) : v{f) >0 if «£»-©- {00}}. 
By [9; Proposition 1, WKn{M) = WKn{A+) + U'Kn{A^) (see [loc. cit] for the 
precise definitions of these notations). From the definition of {, }m it is clear that 
dM{U'K2{A+)) = 1 for any i > 1. 

Let us prove that Sa/ ([/*ii'2(A_)) C C/*ii'i(fci) for any i > 1, i.e. prove that 

{f,9}M e Ul^ for any / G A^l, g e WKi{A^). We may write g as go^ 

such that go £ Ul , Og and bg are distinguished polynomials such that Og = bg 
mod m^^ Ofcj^ [T] . In particular Og and bg have the same degree, i.e. w{g) — 0. 
Thus it is immediate that {/, 5}m — % ^U^ . D 
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Now we define {,}l to be the composition 

(3.7) L'<xL'< ^K2{L) ^ K^{L) ^^ KiikL), 

and {jIl/A; — ^k^/k ° {,}l- We also denote by 9l the map K2{L) -^ Ki(kL) in 
p.7p . Before we proceed further let us give the explicit formula of {, }l (see also 
[5] section 4 for a similar treatment, where the symbol is only defined for a dense 
subfield L}' of L). Any f £ L^ can be expressed in a unique way as 

oo 

(3.8) / = /oT'-(^) n(l - f-^T-'){l - hT'). 

i=l 

with w{f) el, hekl, f,^ Ok^, f-i £ mfc^ for i > 0, and lim /_i = 0. In (|XH1) 

i— 7-00 

we call ^(7) the winding number of /, extending the definition (13.51) . and we call 
the sequence {fi}iez the Witt parameters of /. 

Lemma 3.4. If f,g G L^ have winding numbers w{f),w{g) and Witt parameters 
{fi},{gj} respectively, then 

w(f) (^ _ fj/ii.3)^/{i,])\{i,j) 

(3.9) u.,u = (-i)*'-'"fi;5T n ' ;;.■.« i...,,', 

Jo ij>i U ~ Ji 9-j ) ■" 
where (i,j) is the greatest common divisor of i and j . 

Proof. The right-hand-side of p. 91) is a well-defined convergent product in k^ . 
It can be checked easily that (|3.6|) and (|3.9p coincide when both restricted on 
A^ X A^, where A = ©^^((r)) ^o^ fc^ is a dense subfield of L. Indeed, consider 
the polynomials 1 — aT^^ and 1 — bT^ with a.b E k^. Let a G kfj be an ith root 
of a, and ^ € A:£' be a primitive ith root of unity. Then ^-^ is a primitive i/{i,j)-th 
root of unity, and thus one has 

i 

Y[{1 - ba^i^^) = (1 - 6^/(*'J')a^V(i,i))(«,j) = (l - 5V(^j)aj7(iJ))(»j). 

The validity of p.9p follows from the continuity established by Proposition 13. 31 and 
a limiting argument. D 

The relation between the tame symbol and Kato's residue homomorphism is 
simply given by the following proposition. 

Proposition 3.5. We have Ol — resj^^ : K2{L) -^ Ki{kL), where Dl and resL 
are defined by Proposition \3.3\ and Theorem \2.1\ respectively. 

Proof. It suffices to show Om = ^^^m ■ This can be verified by direct calculations 
using definitions of classical tame symbols and the formula (|3.6p . Note that if 
p G 6 is generated by an irreducible distinguished polynomial / G Ok,^ [T] , and 
■u G 1 + T0fc^ [[T]], then we have 

n "(") = ^K(p)/fci,(w mod p). 
aev(/) 

Applying this observation, the proposition can be essentially reduced to the Weil 
reciprocity law for classical tame symbols on Pj, . D 
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3.3. Rigidity of the tame symbol: reduction to Contou-Carrere symbols. 

In j^ Kato proved the rigidity of the residue homomorphism, which impUes the 
independence of the choice of the local parameter T. In conjunction with Propo- 
sition 13. 5[ this guarantees the well-definedness of the tame symbol for standard 
fields. Since Kato's proof involves a certain amount of labors, for the case of stan- 
dard fields we offer an alternative proof which meanwhile serves another purpose 
of illustrating the connections between tame symbols and Contou-Carrere symbols. 
For completeness let us recall the basic theory of Contou-Carrere symbols [3]. 

For an artinian local ring R with maximal ideal m, any / e R{{T))^ can be 
written in exactly one way as 

CO 

with w(/) e Z, /o e i?^, /i e i?, /-^ e m for z > 0, and /_i = for z > 0. We 
call w(/) the winding number of / and {fi}iez the Witt parameters of /. The 
Contou-Carrere symbol (,)_r((t)) : R{{T))'' x Ri{T))'' -^ i?^ is defined by 

(3.10) (/,ff)K((T))x = {-irU)H9)h TT ^ h y^, ) _ 

9o i,j>i U ~ J-i 9] ) 

The definition makes sense because only finitely many terms in the infinite product 
differ from 1. The Contou-Carrere symbol is a Steinberg symbol, which generalizes 
the classical tame symbol, and also contains the residue as a special case (see the 
introduction of [5; for more precise statements, and [TB^ for a proof of the Steinberg 
property) . 

The relations between tame symbols for standard fields and Contou-Carrere 
symbols are obtained in the following lemma, via reduction modulo a power of 

mfc^. Let Cfet{{r}} = Ol be the ring of integers of L, and let i?„ — Ofef,/nx^^ 
which is an artinian local ring for n > 1. Then there is a compatible family of 
natural maps 0/c^{{r}}^ -^ i?„((r))^ for n>l such that 

0,A{T}r=l^Rn{{T)r- 

n 

Lemma 3.6, For any n > 1, there following diagram commutes: 

OudinV X 0,A{T}V ^Rn{{T)Y- X Rn{{T)r 

Ol. ^ R. 






where the left vertical arrow is the restriction of the tame symbol {,}l; o,nd the 
right vertical arrow is the inverse of the Contou-Carrere symbol {,)]^^tm\x . 

Proof. Direct consequences of p.9p and p.lOp . D 

Corollary 3.7. The definition of {,}l does not depend on the choice of the k^- 
isomorphism L = kL{{T}} {i.e. the choice of the local parameter T). 

Proof. It is known that the Contou-Carrere symbol is invariant under reparametriza- 
tion of R{{T)) in the sense that, if i G R{{T)) is an element with winding number 



10 



DONGWEN LIU 



equal to 1, then {f , g) R[(T))y- — (/ o^,3°^}fl((T))x • See |T8] for a proof of this fact, 
which is an apphcation of the "adjunction formula" [loc. cit] (2.3). 

From this fact together with Lemma 13. 6[ by taking limit we deduce that {,}l 
is well-defined when restricted on O^ x O^ . To complete the proof, we note that 
kl, while {f,a}L = a^^f^ for any / G O^, a e /c]^. The winding 



oi 



"ol 



number w(/) is independent of the choice of T, hence we are done. 



D 



Let us give the relation between the tame symbol for standard fields and that 
for the residue fields. It is known that (cf. 7 ) for a commutative semi- local 
ring i?, Ki{R) = R^ and K2{R) is generated by Steinberg symbols {r,s} with 
r,s & R^ , subject to certain relations. Using this it is not hard to show that by 
restriction one may obtain a tame symbol Ol : K2{Ol) ~^ KiiOk^)- On the other 
hand, we have a fc^-isomorphism L = kL{{t))^ and thus the classical tame symbol 
&j::K2{T)-^Ki{kL). 

Corollary 3.8. The following diagram commutes: 



K2{Ol) 



K2{L) 



-^KiiOkJ 



d^' 



Kiih). 



Proof. This follows from Lemma [3.61 with n = 1. Notice that the Contou-Carrere 
symbol reduces to the classical tame symbol when the base artinian local ring R is 
a field. D 



Corollary 3.9. Let k C L be a local field. Then the following diagram commutes: 



K2{Ol 



K2{L) 



e{L/k)Nj,^l-^dZ. 



■KiiOk) 



1 



where e{L/k) — e{kL/k) is the ramification index. 

Proof. Combine Corollarv 13.81 with the following commutative diagram 



O 



X 


Nu^k 


kL 




X 


e(fci/fc)JVs^/f. 



oi 



D 



Let us establish the functoriality of the tame symbol for standard fields. 
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Proposition 3.10. Suppose that L' is a finite extension of L, and that L' is also 
standard. Then the following diagram commutes: 



K2{L') 



Ki{kL') 



N 



L' /L 



K2{L) 



dL 



JV, 



kj^,/k^ 



Ki{kL). 



Proof. By functoriality of norm homomorphisnis, we are reduced to two cases: L' = 
kL'{{T}} or L' = kL{{t}} with f^ = T, where the isomorphisms are compatible 
witli L = fci{{T}}. Let A' = Ok' [[T]] or 0^:^^ [[t]] for these two cases respectively, 
and let M' be the fractional field of A'. Recall that previously we defined M 
to be the fractional field oi A = ©^^[[r]]. Let y be the height 1 prime ideal 
m^j^Ofe^ [[T]] of A. In both cases, L' = My where Y is the unique height 1 prime 
ideal of A' lying over y. Applying Proposition 12.21 for the Dedekind domains Ay 
and A' — {A\y)~^ A' , we obtain the following commutative diagram 



^ M' /M 



K2{M) 



JL/M 



N 



L' /L 



K2{L). 



By [9] Proposition 2, the norm homomorphism in Milnor ii'-theory is continuous 
for complete discrete valuation fields, hence passing to the limit yields 



K2{M') 



■K2{L') 



^ M' /M 



■K2{L). 



K2{M) 
To finish the proof, it remains to show that the following diagram commutes 



K2{M') 

^M' /M 
\ 

K2{M) 



■KiikL') 

Nk^,/k^ 

KiikL). 



This follows from (12.11) and the relations d 



'M' 



hI ' "1^1 



Bk 



'M- 



D 



3.4. Tame symbols for non-standard fields. 

For a two-dimensional local field F of mixed characteristic which is not neces- 
sarily standard, choose a standard subfield L inside F such that F/ L is finite and 
kp — k^. The tame symbol {, }_f is defined to be the composition 



(3.11) 



py- X F^ 



K2{F) 



N 



F/L 



K2{L) 



dL 



Ki{kL), 



and we denote by dp the map K2{F) — > Ki{kp). By [9] Proposition 3, dp is 
independent of the choice of L. If we let e := e{F/L) = e{F/kL), then by [9] 
Proposition 2 one has 

(3.12) dp{U''K2{F)) C dLU'K2{L) C U''Ki{kp) = Ul. 
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Hence we see that dp factors through K2{F). We also remark that dp induces a 
map K2{Of) -^ Ki{Okp), similar with the case of standard fields. 

Proposition 3.11. Let F'/F be a finite extension of two-dimensional local fields 
of mixed characteristic. Then the following diagram commutes: 



N 



F'/F 



N,. 



K2{F)^^K,{kF). 

Proof. Let L be a standard subfield of F used to define dp, then L' ~ kp'L is also 
standard and can be used to define dp' . By functoriality of norm homomorphisms 
for Milnor A'- groups and Proposition 13.101 we have 



dpNF./F = dpNF'/L = dLNL,/LNF'/L' = Nk^, /kju N f' / L = Nk^,/kpdF'. 



4. A RECIPROCITY FOR TWO-DIMENSIONAL NORMAL LOCAL RINGS 



D 



4.1. Reciprocity for complete rings. 

Assume that A is a two-dimensional normal complete local ring of characteristic 
zero with finite residue field of characteristic p. Let F be the fractional field and 
m be the maximal ideal of A. For each height 1 prime y <\^ A, the localization Ay 
is a discrete valuation ring, and denote by Fy the fractional field of Ay, which is a 
two-dimensional local field of characteristic zero. 

Fix a finite extension Ok of Zp inside A, where Ok is the ring of integers of a 
finite extension k of Qp inside F. For each y <\^ A, the constant/coefficient field 
ky := kpy of Fy is a finite extension of k. Let {, }j?^ : Fy x Fy — > ky be the tame 
symbol defined in section |31 and let {, }f /k — ^k /k{i }Fy ■ Fy x Fy — > k^ . 

Theorem 4.1. Let f,g E F^ . Then {/, g}^ — 1 for almost all y <]^ A, and in k^ 

one has 

n {f^9}Fy/k = 1- 

Proof. By [T3] Lemma 3.7, there is a subring B oi A which contains Ok and is 
Ofe-isomorphic to ©^[[T]], such that A is a finite i?- module. Then the theorem 
holds for B, by Proposition 13.51 Let M be the fractional field of B. Let us first 
prove that, for a fixed height 1 prime y <l^ B, 

(4-1) dMy/kJMy/AiNF/Mlf, g} = n^f/' 9}FY/k, 

Y\y 

where {/, g} is the image of (/, g) in K2{F), and Y runs over the finitely many height 
1 primes of A lying over y. Applying Proposition 12.21 for By and Ay := {B\y)^^A 
one has the following local-global norm formula 

JMy/M o Nf/m = n^^^A^!/ °JFy^/M ■ K2{F) -^ K2{My). 

y\v 

Composing Om jk on both sides of the last equation, we see that (|4.2p follows from 
Proposition [XT] and 13.111 Almost all y <^ A satisfy p ^ F and /, g G Ay, which 
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imply that it is the equal characteristic case and thus {f,g}FY = 1- The theorem 
now follows from (|4.ip and the reciprocity for B. D 

4.2. Reciprocity for incomplete rings. 

We remark that it is possible to remove the restriction that A being complete. 
Let Ok be a discrete valuation ring of characteristic zero with finite residue field. 
Assume that A is a two-dimensional normal local ring with finite residue field, and 
that A is the localization of a finitely-generated Ofc-algebra. 

Let A and Ok be the completions, which then satisfy the conditions in section 
14.11 Let F, F and k be the fractional fields of A, A and Ok respectively. li y <]^ A, 
we define 

(4-2) {. Ua = Hi h^/k : f ^ X ^x ^ Fx X i?x ^ fc^ 

y\y 

where Y runs over the finitely many height 1 primes of A lying over y. 

Following fn|, a prime F of A is called transcendental ii Y D A — 0. li Y <i^ A 
is not transcendental, then it is a prime minimal over yA where y — Y Cl A. On the 
other hand, if Y is transcendental, then p ^ Y and F C Ay, which implies that 
{f,g}p If. — 1 for any /, 5 £ F^ C Ay- Hence we deduce 

Theorem 4.2. Let f,g G F^ . Then {f,g}Fy = 1 for almost all y <\^ A, and in k^ 

one has 

4.3. Geometrization: reciprocity around a point. 

Let Ofc be a Dedekind domain of characteristic zero with finite residue fields, and 
let K be its fractional field. Let X be a two-dimensional normal scheme, flat and 
of finite type over S = Spec Ok^ with function field denoted by K{X). Let x & X 
be a closed point lying over a closed point s ^ S, and let y C X be an irreducible 
curve (one-dimensional closed subscheme) passing through x. Then A = Ox,x 
satisfies the conditions in section 14.11 and contains the complete discrete valuation 
ring Ok,s- Let K{X)x and Kg be the fractional fields of Ox.x and Ok^ '■— Ok,s 
respectively. 

Assume that the curve y has formal branches Yi, . . . , y„ at a; G y, i.e. 



y\ 



Spec Ox,x 

l<i<n 



U y^^ 



where Yi is irreducible in Spec Ox,x for 1 < i < n. By abuse of notations, let 
y <i^ Ox,x and Yi <\^ Ox.x be the local equations of y and Yi at x, then we have 

{Y,,i^l,...,n] = {Y<''dx.x-Y\y}. 

Let Ox,Y be the completion of Ox,x with respect to the discrete valuation given by 
y, and let Kxy be its fractional field, which is a two-dimensional local field. Then 
we define 

(4-3) Kx^y:^^Kx,Y, dx,y:=^dx,Y. 

Y\y Y\y 
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Notice that there are embeddmgs K{X) M> K{X)x '^ Kx,y Now we let 
(4.4) {,}.,, = Y[i,}K.,./K. ■■ Ky X K^^y ^ Kf, 

Y\y 

where {^}K^,Y/Ks ■ ^xY ^ ^xY ~^ ^s i^ ^^ defined in section |31 Then we have 
the following reciprocity for tame symbols around a point, which is a geometric 
translation of Theorem 14. II 



Theorem 4.3. Fix a closed point x and let f,g ^ K{X)^^ . Then {f,g}x,y = 1 for 
almost all y passing through x, and in K^ one has 

n {f^9}x,y = ^- 

yCX,y3x 

Proof. By Theorem l4.1l one has 

Y<^dx,^ 

If a height 1 prime Y of Ox,x is not a formal branch at x of some irreducible 
curve y C X, then Y is transcendental and {f,g}K^ y/k^ — 1- Hence the theorem 
follows. D 

5. Reciprocities for arithmetic surfaces 



Let Ok and K be as in section I431 and let X be an O/^r-curve, i.e. a normal 
scheme, proper and flat over S — Spec Ok, whose generic fibre Xk is a smooth 
and geometrically connected curve. We shall keep the notations in section 14.31 
Moreover, for an irreducible curve y C X, let K{X)y be the fractional field of Ox,yi 
the completion of the discrete valuation ring Ox,y Then there are embeddings 
K{X) ^^ K{X)y ^-s> K{X)x,y, where x £ y is & closed point. 

5.1. Reciprocity along vertical curves. 

We shall establish the following reciprocity law for vertical curves on an arith- 
metic surface. 

Theorem 5.1. Let y C X be an irreducible component of a special fibre Xg, where 

s € S is a closed point. Let f,gE K{X)y , then Y[ {f,g}x,y converges to 1 in Kf , 

xey 
where the product is taken over all closed points x of y. 

As preparations, let us first prove the following lemma on the convergence of the 
product in the last theorem. 

Lemma 5.2. With the conditions in Theorem \5.U Y[ {f,9}x.y converges in Kf . 

xey 

Moreover, the pairing 

K{X)^ X K{XYy ^ K:, {f,g) ^ ll{f,g}x.y 

xGy 

is continuous. 

Proof. Let tt be a parameter of Ks and let Cy — Vy (tt) , where Vy is the normalized 
valuation on K{X)y. Since K{X) is dense in K{X)y, for any n > 1 we may write 
/ = fnUn, g = gnVn with /„ , g„ G K (X)^ , Un,v„ G C^K^(x)^ ■ Almost all a; e y 
satisfy the following conditions: 
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(i) Xs has no other irreducible components passing through x, 
(ii) X ^ y' for any horizontal y' appearing in div(/„) or div((7„). 
For such X, by Theorem 14.31 we have 

Xjni 9njx,y — J^ J_ XJni 9n\x,y' ~ ' 

y'^x^y' horizontal 

where the last equality follows because fn,9n € O^ , and K^^y' is of equal charac- 
teristic for each horizonal y' 3 x. Then from (I3.12p we deduce that 

{jj9Sx,y ~ {jni'^'nSx,y{'Um9ix,y G '-^K^' 

Hence we have proved that for any n > 1, {f,9}x,y G U^ for almost all x ^ y. 
This implies Y[ {/iSl^.j/ converges in K^ . Guaranteeing the convergence, we have 

xey 

n {f^9}x.y G U^^ whenever f or g lies in Uj^,^^. . Thus we obtain the continuity 

xey ■ s ( )v 

of the pairing. D 

We also need the following simple but useful lemma. 

Lemma 5.3. Let C be a smooth and geometrically connected curve over a field K 
of characteristic zero, L an extension of K , and z a closed point of C . 

(i) Let z' he a closed point of Cl lying over z, then the following diagram com- 
mutes: 

K{C)-xK{C)-^^kizr 



K{CL)^,xK{CL)^,^^k{z'r, 

where {,}z is the one- dimensional tame symbol associated to the closed point z on 
C , and k{z) is the residue field of z; {, jz' and k{z') are defined similarly. 

(ii) Let z' run over all closed points ofCt lying over z, then the following diagram 
commutes: 



z'\z 

Proof, (i) follows from the compatible isomorphisms ^(C)^ = /c(z)((i)), K{Cl)z' — 
k{z'){{t)), where t € K{C) is a local parameter at z. Since k{z) ®k L = ^ k{z'), 

z' \z 

we have N]^i^z)iK = II ^k(z')/L- (h) follows from this fact together with (i). D 

z' \z 

Let X' = X Xqk ^Ksi and p : X' ^ X he the natural morphism. Then p 
induces an isomorphism of special fibres X'^ = Xs, and for any x' G X'^ , p induces 
an isomorphism of complete local rings Ox,p(x') — Ox'.x'- Note that X' is an 
Cii", -curve with generic fibre Xk^ ■ 
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Lemma 5.4. Let y C X be an irreducible curve and x ^ y be a closed point lying 
over s. Then the following diagram commutes: 

n (KiXX^xKiXX,) 

y'\y,y'3x' 



^Kl 




K{X)^ X K{X)^ - 

where x' is the unique closed point of X^ lying over x, and y' runs over irreducible 
curves of X' which lie over y and contain x' . 

Proof. This follows from definitions (I4.3P and (|4.4p . Indeed, let y <} Ox.x be the 
local equation of y, then 

Similarly, one has 







" 


n {'}-'^^' 


= n 


n {^K,,Y,iK, 


V,y'^x' 


V'<^Ox, ^,.y'\y 


Y'<i^dx,y,Y'\y' 




11 {'W.../i..- 




Y'<^dx,,^,.Y'\y 





The equality of maps {, ^x.y = 11 {' }a;',y' follows from the isomorphism Ox,x — 

y'\y,y'3x' 

Ox'.x' remarked above. D 

Since Ox,y = Ox,z — Oxk,z (see e.g. [11] Chap 8. Exercise 3.7) and Xk has 
the same function field as X, we see that K{X)y = K{Xk)z- 

Corollary 5.5. Let y be an irreducible horizontal curve on X , whose generic point 
z is a closed point of Xk- Then for f,g G K{X)y one has 

n {f^9}x,y = Nk(z)/K{f,g}z 

xeynXs 
where {,}z is the usual tame symbol for the curve Xk at the closed point z. 

Proof. Applying Lemma 15.31 for C = Xk and L = I'Cg we obtain 

Nk(z)/K{f,9}z = '[[Nk(^,^/KAf^9}z', 



where z' runs over all closed points of Xk^ lying over z. Each closed point z' e Xk^ 
has a unique reduction x' on X'^, i.e. z' meets the special fibre X'^ at a unique point 
x' . This implies that y' := z' is the unique irreducible curve of X' lying over y = z 
and containing x' . Therefore by Lemma l5.4l we obtain {/, g}x.y = {/, g}x'.y' , where 
X = p{x') GynXs. To finish the proof it remains to show that A^fc(2/)/^^{/, gjz' — 

{f,9}x',y'- 

It can be shown that (see e.g. [TS] Lemma 3.8) that Oxk,,z' — Ox',y', where 
Ox',y' is the completion of Ox',x' with respect to the discrete valuation given by 
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y' <i^ Ox'.x'- Then the one-dnTiensional tame symbol for the curve Xk^ at z' gives 
the tame symbol for the two-dimensional local field Kx\y' = Frac Oxk ,z', which 
is of equal characteristic. D 

Now we can prove Theorem 15.11 Let j/i :— y,y2T ■ ■ ,yi be the irreducible com- 
ponents of Xg. By the continuity proved in Lemma 15.21 we only need to show that 
n {/i 9}x,y = 1 for any /, g G K{X)^ . From the Weil reciprocity law for the curve 

xey 

Xk and CoroUarv 15.51 it follows that 



n n {/'5k. =1- 

y horizontal a: GynXg 

Since {/, g}2' — 1 for almost all closed points z' g X^^, from the proof of previous 
corollary we see that only finitely many terms in the last product differ from 1. 
Hence we may rewrite it as 

n n {/'5u.=i- 

x^Xs y3x,y horizontal 

Using Theorem 14.31 we deduce that 

n n {/'5w=i' 

x^Xs yBx^y vertical 

which by Lemma 15.21 can be rearranged as 

nn{/'5w=i- 

i— 1 x^yi 

Let Vi be the discrete valuation on K{X) corresponding to yi, i — 1, ... ,1. For any 
n > 1 choose /„ e K{X)^ such that i'i(/„ — 1) > n, Vi{fn — f) > n, i = 2,. . . J. 
Replacing / by ///„ and letting n — > oo, we see that 

I 

l[{f,9}x,y - lim n n if/fn^9}x,y. = l" 



x£y 4=1 x£yi 



This finishes the proof of Theorem 15.11 

5.2. Reciprocity along horizontal curves. 

Now assume that Ok is the ring of integers of a number field K. Let S — SfUSoo 
denote the set of places of K, where 5/ denotes the finite places, i.e. closed points 
of S* = Spec Ok, and 5oo the infinite ones. For v € Soo, Xy := Xk^ is a smooth 
projective curve over Ky = R or C. 

Let y be an irreducible horizontal curve on X , then its generic point z is a closed 
point of Xk- Let y n Xy denote the set of closed points of Xy lying over z, i.e. 
the preimage of z under the projection Xy — >■ Xk. Let k{z) be the residue field 
of z, which is a finite extension of K. Then y n Xk^ is finite and corresponds to 
the places of k{z) extending v. We now compactify y by adding all the finite sets 
yClXy for V G 5*00, and by abuse of notation still denote by y the compactification. 

For X G y n Xy, define a tame symbol {, j^.y : K{X)y x K{X)y -> K^ by 

K{X)- X K{X)- K{Xy)- X K{Xy)- ^^ kixY^-^^^K, 
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where K{Xv) is the function field of Xy, {, }x is the one-dimensional tame symbol 
associated to the closed point x on X^, and k{x) is the residue field of x. 
Applying Lemma 15.31 for C = Xk and L = Ky we obtain 

Corollary 5.6. With previous notations, for f,g G K{X)y one has 

xGynX^ 

Let Ik be the idele group of K, and x = ^ Xv ■ ^k ^ S^ he a.n idele class 

ves 
character, i.e. a continuous character of I^^: which is trivial on K^. For a closed 
point X £ y lying over v d S, define the absolute tame symbol Xx.y to be the 
composition 

Xx^y : K{XYy X K{X)l ^^ K^ ^^ S\ 

Theorem 5.7. Let y be an irreducible horizontal curve on X and f,g G K{X)y. 
Then Xx.y{f-,g) — 1 for almost all closed points x £ y, and in S^ one has 

W_Xx.y{f^9) = 1- 

Proof. Let tt be the morphism X ^^ S. Using that K{X) is dense in K{X)y, we 
may write / — fui, g — gu2, where f,g G K{X)^, ui,U2 € t^^fx) • Then almost 
all a; G y satisfy the condition that x ^ y' for any irreducible curve y' ^ y which 
appears in div(/) or div(^). For such a:, we have f,g& O^ , for any y' 3 x, y' ^ y. 
Then by Theorem 14.31 we have 

y'Bx^y'^y y'Bx^y' vertical 

By properties of tame symbols for two-dimensional local fields of equal character- 
istic, we also have 

{f,U2}x,y = {Ul,g}x,y = {ui,U2}x.y = 1 

for any x E y. Therefore we have proved that {f,g}x.y G O^ for almost all 
X Cz y. Since the character Xv is unramified for almost all v € Sf, we obtain the 
first statement of the theorem. The idele 

n if^9}x,y 

yxeynx^ / ,es 

is global by Corollarv 15.51 and 15.61 hence the product formula follows. D 
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